Quantum Corrals, Eigenmodes and Quantum Mirages in s-wave Superconductors 



o 
o 

(N 

Of 
< 



D 
i 

c3 



I 

c 

o 
o 



> 
m 
m 
in 

o 
m 
O 

c3 



c 

o 
o 



X 
S3 



Dirk K. Morr and Nikolaos A. Stavropoulos 
Department of Physics, University of Illinois at Chicago, Chicago, IL 60607 
(Dated: February 2, 2008) 

We study the electronic structure of magnetic and non-magnetic quantum corrals embedded in 
s-wave superconductors. We demonstrate that a quantum mirage of an impurity bound state peak 
can be projected from the occupied into the empty focus of a non-magnetic quantum corral via the 
excitation of the corral's eigenmodes. We observe an enhanced coupling between magnetic impurities 
inside the corral, which can be varied through oscillations in the corral's impurity potential. Finally, 
we discuss the form of eigenmodes in magnetic quantum corrals. 
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The interaction of nanoscale impurity structures with 
fermionic quantum many-body systems has led to the ob- 
servation of a large number of novel physical phenomena 
IH El El over the last few years. In superconducting 
(SC) systems, quantum interference of electronic waves 
that are scattered by a small number of impurities can 
lead to the splitting of impurity states, as observed in 
the one-dimensional chains of the high-temperature su- 
perconductor YB^Cu^Og+z |3i and discussed theoreti- 
cally for these chains [5j as well as two-dimensional (2D) 
d x 2_ y 2-w&ve 6] and s-wave superconductors (SSC) 
In more complex impurity structures, such as quantum 
corrals, the existence of discrete eigenmodes can be em- 
ployed for the creation of quantum mirages. This effect 
was beautifully demonstrated by Manoharan et al. 
who used the Kondo-resonance of a magnetic impurity 
located in the focus of an elliptical quantum corral as the 
"electronic candle" whose quantum image was projected 
into the empty focus. A nice theoretical explanation of 
this phenomenon was subsequently provided in a series 
of articles |3| . 

Of particular interest is the possibility that nanoscale 
impurity structures can provide insight into the nature of 
complex electronic systems. In general, one expects that 
strong electronic correlations or changes in the electronic 
structure due to broken symmetries affect the spatial pat- 
terns of eigenmodes in quantum corrals and provide novel 
"electronic candles" whose spectroscopic signatures can 
be projected. As a first step in the investigation of this 
idea, we study in this Letter quantum corrals that are em- 
bedded in an s-wave superconductor with non-trivial cor- 
relations arising from particle-hole mixing. We consider a 
variety of quantum corrals consisting of non-magnetic or 
magnetic impurities with constant or oscillating scatter- 
ing potentials. Magnetic impurities that are placed inside 
the corral induce bound states whose spectroscopic signa- 
ture are peaks in the density-of-states (DOS). We utilize 
these peaks as the "electronic candle" to investigate the 
corral's electronic properties. We demonstrate that by 
placing a magnetic impurity in one of the corral's foci, 
a quantum image of its bound state peaks is projected 
into the empty focus via the excitation of the corral's 



eigenmodes. These eigenmodes also lead to an enhanced 
coupling between magnetic impurities inside the corral. 
We illustrate how the spatial pattern of eigenmodes can 
be changed through oscillations in the corral's impurity 
potential or the relative alignment of impurity spins in 
magnetic corrals. These results provide a new tool for 
manipulating the interaction between magnetic impuri- 
ties, a topic of great current interest in the field of spin 
electronics and quantum information technology |loj . 

To study the electronic structure of quantum corrals we 
employ a T-matrix formalism [SllallllllSl which was gen- 
eralized to describe electronic scattering off a large num- 
ber of impurities. In a fully gapped SSC, magnetic im- 
purities with spin S can be treated as classical variables 
since no Kondo-effect exists for sufficiently small cou- 
pling between the impurity and delocalized electrons [lflj , 
in full agreement with experiment In the Nambu- 

formalism, the electronic Greens function in the presence 
of N impurities located at is 

G(r,r',w n ) = G (r,r',w n ) 

N 

+ ^2 ^o(r, Ti,u n )f (rj,rj,w n )Go(rj,r',w n ) , (1) 
where one has for the T-matrix 



r(rj,r,-,w n ) = ViSij 



and 



N 
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G 1 (k, iu> n ) = [iuj n T - e k r 3 ] cr + A T 2 a 2 ; 
Vi = - {Uicro + JiSa 3 ) r 3 . 



(2) 



(3) 



Go(k, iu> n ) is the electronic Greens function of the unper- 
turbed (clean) system in momentum space, a, r are the 
Pauli-matrices in spin and Nambu-space, respectively, 
and Ao is the SC gap. We assume that the corral is lo- 
cated at the surface of an SSC, and thus consider for sim- 
plicity a 2D electronic system. Its normal state dispersion 
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is given by £k = k 2 /2m~ /i (%= 1), where \i = hp /2m is 
the chemical potential and kp = it/2 is the Fermi wave- 
vector (lattice constant a Q = 1). We set l/(mA ) = 30, 
yielding a SC coherence length of £ c — kp/(mA ) = 15tt. 
Moreover, Vi is the scattering matrix at r*, with Ui and 
J; being the potential and magnetic scattering strengths 
of the impurity. Unless otherwise noted, we take for def- 
initeness (7i/2Ao = 30 (Jj = 0) for non-magnetic impu- 
rities, and JiS/2A — 30 (Ui = 0) for magnetic impu- 
rities. These values are taken to demonstrate the qual- 
itative features of our results which are robust against 
changes in the scattering strengths or in the form of 
the fermionic dispersion. The DOS, N(r,ui), is obtained 
from a numerical computation of Eqs.Q and (J2J) with 
N(r,w) = An + A 22 , A u (r,u) = -Tm&n(r,w + i6)/n, 
and S = 0.02A . 

We first study an elliptical corral with semi-axes a = 
20, b — 15, and eccentricity e = \/7/4, that consists of 
100 non-magnetic impurities. Defining the center of the 
corral as (0, 0), we place a magnetic impurity in the cor- 
ral's focus at /+ = (13,0), while leaving the other focus 
at /_ = (—13,0) empty. In Fig. [JJi, we present the DOS 
in the foci at f±. As expected, the magnetic impurity 
induces a bound state resulting in a particle- and holc- 

( 1 21 

like peak in the DOS at frequencies fij; ' /Ao = ±0.4, 
respectively. A quantum mirage of these peaks emerges 
in the empty focus at /_ . The formation of this quantum 
image through excitations of the corral's eigenmodes be- 
comes evident when we consider the spatial DOS pattern 
at as shown in Fig.^. All plots of the spatial DOS 
shown in the following possess the same intensity scale 
to facilitate a direct comparison, with light (dark) color 
indicating a large (small) DOS. In addition to the quan- 
tum mirage, we observe DOS oscillations, representing 
the excited eigenmodes of the corral. By increasing the 
corral's impurity potential |l5|. the eigenmodes as well 
as the impurity bound state become more confined in- 
side the corral. The presence of two bound state peaks 

(1 2) 

at fl y b ' ' that arise from particle-hole mixing in the SC 
state allows us to study eigenmodes at different excita- 
tion energies. Note, e.g., that the spectral weight in the 
DOS at (Fig.ni) is much more concentrated around 
/_!_ than at f^ 2 -* (Fig. QJj) concomitant with a weaker 
excited eigenmode and quantum mirage. It was noted 
earlier [j| , that eigenmodes can only be excited if the ex- 
citation (via the impurity bound state) takes place at a 
position where the spectral weight of the eigenmode is 

(1 2) 

large, and if the excitation energy, i.e., fi£' , is close to 
the eigenmode's energy. For Ui — oo, no eigenmodes ex- 
ist inside the SC gap, and the eigenmodes closest to the 
Fermi energy and large spectral weight close to the foci 

±1.1. Since the mode's ampli- 

the 



are located at f2^/Ao 

tude at fim is considerably larger than that at Qf, 



5 °- 7 

-Q 0.6 
cd 

"0.5 
to 

CD 

o 



0.2 



« 0.1 
CD 

Q 0.0 



clean case 
occupied focus (f+) 
empty focus (f.) 



A , JX 



-1.5 -1-0 -0.5 0.5 

Frequency [A ] 





10 15 20 



(c).,-- 









(d) 










s 


20 -10 





10 20 



FIG. 1: (a) DOS in the occupied (red line) and empty focus 
(dotted blue line) for a non-magnetic corral with a magnetic 
impurity located at /+. Black line: DOS of the clean system. 
(b,c) DOS inside the quantum corral (the filled yellow circles 

(2) 

represent the corral impurities) for (b) fij, /Ao = 0.4, (c) 



Q^'/Ao = -0.4. (d) DOS at Q> b '/Ao = 0.575 for a magnetic 
impurity at /+ without corral. 



are weaker, leading to a concentration of spectral weight 
around / + . This demonstrates that the eigenmodes act 
as "waveguides" for the projection of the bound state 
peaks into a quantum image [ij, |9( . 

The effect of a corral on the DOS strongly depends on 
the ratio of the decay length, £d = £ c /\/l — (^b/A a ) 2 , 
and the corral's semi-axes. In the above case, 
^[ 1,2) /A = ±0.4, £ d = 16 An > a, b and the spatial DOS 

(2) 

pattern at Q\ is significantly different for a magnetic im- 
purity at / + with (Fig.^ 3 ) and without a corral (Fig.^Ji). 

(1 2) 

Note that the presence of a corral also shifts fl b ' from 



n 



(1,2) 



DOS oscillations and thus the quantum mirage at f2 



(i) 



/A = ±0.575 (no corral) to f2 b 



(1,2) 



/A = ±0.4. In 



contrast, if £d a, b the bound state wave-function at 
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FIG. 2: DOS at fl£ 2 ' f° r a magnetic impurity located at (a) 
f+ = (17,0), (b) r = (13,0), and (c) r = (0,0). (d) DOS for 
an oscillating impurity potential along the corral with U (<p) = 
Uo cos0 and (7o/2Ao = 30. 



the position of the corral wall is exponentially suppressed, 
no eigenmodes can be excited, and the spatial DOS pat- 
tern of a single magnetic impurity remains unchanged in 
the presence of a quantum corral ^J. Note, however, 
that £d can become arbitrarily large by increasing JS 



such that |n£ 1,2) |/A 

We next study the evolution of the DOS pattern when 
the magnetic impurity is moved off the focus for a corral 
with 88 impurities, a = 20, b = 10, eccentricity e = y/3/2 
and f± = (±17,0). In Fig. we present the DOS at 
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FIG. 3: Splitting of the bound state peaks in the DOS at 
/_ = ( — 13,0) with and without a quantum corral for two 
magnetic impurities with parallel spins. 



(2^ 

fi£ VArj = 0-475 for a magnetic impurity located at / + . 
The DOS exhibits a similar pattern, including a quantum 
mirage at /_, as in Fig.^J), albeit with only one instead 
of three "side wings" in the excited eigenmode. When 

we move the impurity off the focus to (13,0) (Fig. |2Jd), 

( 1 2) 

the bound state energy increases to fij; ' /Aq = ±0.5, 
and only a much weaker quantum mirage emerges at /_ . 
The DOS pattern changes significantly when the mag- 
netic impurity is located at the center of the corral at 
(0,0) (Fig.it) with fi[ 1,2) /A = tO-725. Thus, changing 
the location of the excitation, i.e., the magnetic impurity, 
leads to different excited eigenmodes and a simultaneous 
shift in f^ 1 ' 2 ^- In Fig.[2Ji we plot the DOS in the presence 
of an oscillating impurity potential along the corral's wall 
with U(4>) = f/ocosc/), £/o/2Ao = 30, and being the an- 
gle between the x-axis and the line connecting the center 
of the ellipse with the impurity. This oscillating poten- 
tial, which might arise, e.g., from charge oscillations in 
the corral's wall, weakens the eigenmodes, particularly 
along the vertical axis of the corral where U (4>) is small, 
and almost completely destroys the quantum mirage of 
the bound state peak. 

It was argued in Ref. 0, that quantum interference 
effects between two magnetic impurities leads to the for- 
mation of bonding and antibonding bound states and 
thus to a frequency splitting of the bound state peaks. 
We find that this splitting can be enhanced if the mag- 
netic impurities are placed in the foci of a corral. We 
consider the same corral as in Fig. ^ and assume for 
definiteness that the spins of the impurities are paral- 
lel, however, qualitatively similar results are obtained for 
arbitrary angle between the impurity spins. As shown 
in Fig. in the absence of a quantum corral, the energy 
splitting of the bound state peaks is small, 8^/ Ao = 0.1, 
due to the large distance between the impurities. How- 
ever, in the presence of the corral the splitting increases 



4 



CD 

Q o.o 



clean case 
occupied focus 
empty focus 




-20 -15 -10 -5 



-0.5 0.5 

Frequency [A . 



-•-..(b): 



15 20 -20 -15 -10 -5 5 10 15 20 




FIG. 4: (a) DOS at f± for a magnetic corral. Spatial DOS 
pattern for (b) /A = -0.1 and (c) Slf* /A = 0.575 (see 
(a)). 



the SC gap close to a single magnetic impurities does not 
alter the DOS's qualitative features 01 , our results pre- 
sented in Figs. 11131 are likely robust against pair-breaking 
effects. In magnetic corrals, on the other hand, the sup- 
pression of the SC gap is potentially relevant and its mag- 
nitude could depend on the ferro- or antifcrromagnetic 
alignment of the corral's spins. Work is currently under 
way to study the significance of pair-breaking effects and 
gap suppression in both cases [15J. 

In summary, we demonstrate that a quantum mirage of 
an impurity bound state peak can be projected from the 
occupied into the empty focus of a non-magnetic quan- 
tum corral via the excitation of the corral's eigenmodes. 
We observe an enhanced coupling between magnetic im- 
purities inside the corral, which can be varied through 
oscillations in the corral's impurity potential. This pro- 
vides a novel tool to manipulate the interaction between 
magnetic impurities, a topic of great relevance in spin 
electronics and quantum information technology 

We would like to thank J.C. Davis and A. de Lozanne 
for stimulating discussions. 



to Sil' b / Ao = 0.65, implying that the coupling between 
the two magnetic impurities is enhanced (in the normal 
state, this effect was discussed in Ref. [ijj). Note that 
for an oscillating impurity potential, as that discussed in 
Fig. 01, the splitting decreases to 6^l' b '/A = 0.175. 

Finally, we present in Fig. 0] the DOS inside a quan- 
tum corral (a — 20, b — 10) consisting of 88 magnetic 
impurities. The corral's impurity spins are antiferromag- 
netically aligned and an additional magnetic impurity is 
located at / + = (17,0). Since the bound states associ- 
ated with the magnetic impurities are coupled, the DOS 
exhibits a large number of peaks (Fig. and we do 
not observe a well defined quantum image in the empty 
focus. The DOS pattern changes qualitatively between 
different bound state energies, as shown in Fig. 0Jd and 
c where we present the DOS at O^ 1 /Ao = —0.1 and 

fl^/Ao = 0.575 (see Fig. Hi). For the spectral 
weight of the excited eigenmode is predominantly cen- 
tered around the empty focus, while for £l y b ' most of 
the spectral weight is located in the vicinity of the oc- 
cupied focus. Thus, in contrast to non-magnetic corrals, 
the eigenmodes in a magnetic corral can be concentrated 
near the occupied or empty focus. For ferromagnetic 
alignment of the corral spins (not shown) there also ex- 
ists a large number of bound state peaks in the DOS 
flif . However, the spatial distribution of spectral weight 
associated with these peaks is much more homogeneous, 
likely due to the stronger scattering for ferromagnetically 
aligned spins || and the resulting larger number of ex- 
cited eigenmodes. 

Finally, we comment on the relevance of pair-breaking 
effects near magnetic impurities. Since the suppression of 
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